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Magnetic field effects on electron-hole recombination in disordered organic
semiconductors
A. I. Shushin
Institute of Chemical Physics, Russian Academy of Sciences,
117977, GSP-1, Kosygin str. 4, Moscow, Russia
Characteristic properties of magnetic field effects on spin selective geminate and bulk electron-hole
polaron pair (PP) recombination are analyzed in detail within the approach based on the stochastic
Liouville equation. Simple expressions for the magnetic field (B) dependence of recombination yield
and rate are derived within two models of relative PP motion: free diffusion and diffusion in the
presence of well (cage). The spin evolution of PPs is described taking in account the relaxation
induced by hyperfine interaction, anisotropic part of the Zeeman interaction induced, as well as
∆g-mechanism. A large variety of the B-dependences of the recombination yield Y (B) and rate
K(B) is obtained depending on the relative weights of above-mentioned mechanisms. The proposed
general method and derived particular formulas are shown to be quite useful for the analysis of
recent experimental results.
PACS numbers: 73.50.-h, 73.43.Qt, 75.47.-m, 72.25.Dc
I. INTRODUCTION
Magnetic field effects (MFEs) on various processes in
organic semiconductors are actively studied for many
years.1–17 These studies concern different types of MFEs:
the magnetic field dependent photoconductivity,3 and
photoluminescence,5,9, magnetoelectroluminescence,11,13
magnetoresistance,4,6–17 etc.
The mechanisms of MFEs in these processes are the
subjects of hot debates for many years. It is, however,
widely accepted,18–20 that a large number of MFEs result
from the effect of the magnetic field (B) on the spin se-
lective reactions with participation of paramagnetic par-
ticles: polarons (P ) and triplet excitons (T ). In a large
number of them the key stage is the recombination of
pairs of electron (e) and hole (h) polarons, i.e. particles
with electronic spin 1/2,4,8,14,17 which are called here-
after polaron pairs (PP). The T − P quenching T − T
annihilation are also believed be the important spin se-
lective process which can give significant contribution to
the observed MFEs in organic semiconductors.18,21–23
There are some reviews of experimental and theoretical
works on MFEs in organic semiconductors.18–20 Recent
extensive experimental investigations, however, inspire
further theoretical studies of MFEs.4,8,14,17 Despite ev-
ident progress in these studies there are still many prob-
lems to be discussed.
In particular, close attention has been attracted to the
e−h PP recombination mechanism of MFEs in disordered
semiconductors.4,17,18 The important problem consists in
proper treatment of the effect of polaron migration and
disorder of spin dependent interactions, giving rise to the
MFEs. The majority of theoretical works are mainly
based either on numerical or somewhat simplified analyti-
cal description of the spin/space evolution of PPs,14,17,18
though fairly high accuracy of above mentioned recent
measurements motivates more detailed theoretical inves-
tigations, which could allow for obtaining sufficiently ac-
curate and rigorous formulas for the MFEs.
In this work we discuss the method of describing
specific features of the PP recombination mechanism
of MFEs in disordered organic semiconductors. The
method is based on the diffusion approximation for hop-
ping polaron migration, fairly reasonable at long times
of MFE formation. The hopping motion is assumed to
lead not only to stochastic spatial evolution but also to
fluctuations of disordered spin dependent hyperfine inter-
action (HFI) and anisotropic part of the Zeeman interac-
tion (AZI), resulting from the anisotropy of g-factors of
polarons. The fluctuating HFI and AZI give rise to spin
relaxation, which is described by Bloch-type equations,
valid in the realistic limit of hopping rates much larger
than these interactions (in frequency units).
The kinetics of MFE generation is determined by the
spin/space evolution of PPs, which is described by the
PP spin density matrix. In the above-formulated ap-
proximations this matrix satisfies the stochastic Liouville
equation (SLE).19,24,25
With the SLE approach we analyze the properties of
MFE for geminate and bulk processes within two mod-
els of PP relative motion: free diffusion and diffusion in
the presence of a potential well.26,27 The PP spin evo-
lution is described taking into consideration the above-
mentioned HFI and AZI induced relaxation, as well ∆g-
mechanism.19 In these two models of relative motion sim-
ple expressions are derived for the MFE, i.e. for B de-
pendent recombination yield Y (B) and rate K(B) (in
geminate and bulk precesses, respectively).
The analysis with obtained formulas reveals different
types of Y (B) and K(B) behavior, as B increased, for
HFI and AZI induced relaxation mechanisms: decreas-
ing and decreasing, respectively. The combination of
these mechanisms is found to result in a large variety of
non-monotonic Y (B) and K(B) dependences. The extra
contribution of ∆g-mechanism can lead to some addi-
tional specific features of MFEs behavior at large mag-
netic fields B whose specific features appear to depend
2on the mechanism of relative motion of polarons.
In our discussion we also concern some possible appli-
cations of obtained expressions to the interpretation of
some recent experimental results.
II. MECHANISM OF POLARON MIGRATION
The characteristic properties of MFEs on the migra-
tion assisted PP recombination are, naturally, essentially
determined by the mechanism of polaron migration.
There are a number of models of migration in dis-
order semiconductors. One of the most popular is the
Miller-Abrahams model.28,29 In this model the rate wij
of hopping from the site j to the site i is written as
wij = wEiEj = w0e
−θ(Ei−Ej)(Ei−Ej)/(kBT ), where w0 is
the characteristic rate constant, θ(x) is the Heaviside step
function, rij is the distance between these sites, and Ej
and Ei are the energies of initial and final states, respec-
tively, assumed to be randomly distributed parameters
whose (broad) distribution functions are determined by
a number of intra and interpolaron interaction.28,29
Even in this relatively simple model the kinetics of the
space/time evolution of charge carriers can be obtained
only numerically.
It is worth noting, however, that the MFEs are de-
termined by very long times of order of the character-
istic time τ
S
∼ 10−8s−1 of spin evolution of e- and h-
polarons,25 which is much longer than the average hop-
ping time w−10 : τS ≫ w−10 (see Sec. VIII). At times
t & τ
S
≫ w−10 in the wide region of parameters of the
model the space/time evolution is fairly reasonably de-
scribed by the diffusion approximation. One of indica-
tions of this fact is a reasonably good accuracy of the
Langevin formula for the recombination rate.29
In the diffusion approximation the migration kinetics
of ν-polaron (ν = e, h) is described by the time dependent
probability distribution function pν(rν , t) in the contin-
uum space {rν}, obeying the Smoluchowski equation
p˙ν = Dν∇rν (∇rνpν + pν∇rνuν), (ν = e, h), (2.1)
In eq.(2.1) Dν ∼ l2νw0ν is the effective diffusion coefficient
for ν-polaron, in which lν and w0ν are the characteristic
hopping length and hopping rate. Note that eq. (2.1)
is actually a selfconsistent equation, which incorporates
many particle effects, showing themselves in possible de-
pendence of the diffusion coefficient on the concentration
of polarons, as well as concentration and temperature
dependence of the effective potential u(rν).
29
Our further analysis of MFEs will be based on the dif-
fusion approximation (2.1). Nevertheless, some specific
features of hopping kinetics at short times, predicted by
the Miller-Abrahams model, appear to be important as
well for the description of MFEs (see below).
III. SPIN EVOLUTION
Quantum (spin) PP evolution plays the key role in the
generation of MFEs on PP recombination. PP recombi-
nation is known to be a spin selective process with the
rate depending on the total electron spin of the pair of
e- and h-polarons: S = Se + Sh, where Sν is the spin of
ν-polaron (ν = e, h). In our discussion we will assume
that the rate is non-zero only in the singlet (S) state
corresponding to the total PP spin S = 0.18,19
The spin evolution of e- and h-polarons is described
by spin density matrices ρν , (ν = e, h), in the two state
Hilbert spaces, in which two states |ν±〉 correspond to
two spin projections onto z-axis, taken to be parallel
to the vector B of external magnetic field: Sνz |ν±〉 =
± 12 |ν±〉. In general, these matrices can be represented in
terms of expansion in bilinear combinations of the states
|νµµ′ 〉 = |νµ〉〈νµ′ |. (3.1)
It is important to note that |νµµ′〉 can be considered
as vectors in some space, called hereafter the Liouville
space and denoted as {νµµ′}, in which the conjugated
vectors 〈νµ′µ| are defined by the relation 〈νµ
1
µ′
1
|νµ
2
µ′
2
〉 =
δµ
1
µ
2
δµ′
1
µ′
2
. Noteworthy is also that this definition im-
plies linear independence of the vectors |νµµ′ 〉 and |νµ′µ〉,
i.e. 〈νµ′µ|νµµ′ 〉 = 0. In {νµµ′}-space, the density matrices
ρν =
∑
µ,µ′=±
ρνµµ′ |νµ〉〈νµ′ | can be written as a vectors:
ρν ≡ |ρν〉 =
∑
µ,µ′=±
ρνµµ′ |νµµ′〉. (3.2)
In addition to vectors, in the Liouville space one can also
introduce operators, which will be called superoperators.
The time evolution of the spin density matrix ρν sat-
isfies the Schro¨dinger equation (hereafter we put ~ = 1,
i.e. use frequency units for energy parameters)
ρ˙ν = −iHˆνρν . (3.3)
In this equation Hˆν the spin Hamiltonian superoperator
(operator in the Liouville space) expressed in terms of the
Hamiltonian Hν (in the Hilbert space) by the relation
Hˆνρν ≡ Hˆν |ρν〉 = Hνρν − ρνHν . (3.4)
For matrix elements of Hˆν we get 〈νµ
1
µ′
1
|Hˆν |νµ
2
µ′
2
〉 =
〈νµ
1
|Hν |νµ
2
〉δµ′
1
µ′
2
− 〈νµ′
2
|Hν |νµ′
1
〉δµ
1
µ
2
.
IV. SPIN HAMILTONIAN AND SPIN
RELAXATION
In general the spin Hamiltonian Hν(rν), (ν = e, h),
depends on the coordinate rν of ν-polaron, due to in-
homogeneity of the medium. This dependence results
in fluctuations of Hˆν(t) ≡ Hˆν
(
rν(t)
)
caused by hopping
motion of ν-polaron, i.e. stochastic changing rν(t). The
3Hamiltonian can conventionally be represented as a sum
of the stationary and fluctuating parts:
Hν(rν(t)) = H¯Zν +HHν (rν(t)) +HAν (rν(t)). (4.1)
in which the stationary part
H¯
Zν
= g¯νβ(Sν ·B) = ωνSνz with ων = g¯νβB (4.2)
is the average Zeeman interaction of the electron spin
Sν with the magnetic field B. The fluctuating parts
H
Hν
(rν(t)) and HAν(rν(t)) represent HFI and AZI con-
tributions, respectively.
Fluctuating HFI and AZI induce spin relaxation,
which can be treated within the short correlation time
approximation.30 In this approximation the relaxation is
described by the Bloch-Redfield equations for spin den-
sity matrices of polarons.30 The relaxation kinetics is de-
termined by the relaxation supermatrices of the form
WˆQν = w
p
Qν
Pˆ pν + w
n
Qν
Pˆnν , (Q = H,A), (4.3)
for both HFI (H) and AZI (A) mechanisms, where
Pˆ pν =
(|ν
++
〉 − |ν
−−
〉)(〈ν
++
| − 〈ν
−−
|), (4.4)
Pˆnν = |ν+−〉〈ν+− |+ |ν−+〉〈ν−+ |. (4.5)
are the operators in the subspaces of diagonal (Pˆ pν ) and
non-diagonal (Pˆnν ) elements of the density matrix. The
first and second terms in eq. (4.3) describe the popula-
tion and phase relaxation, respectively, with rates31
wp
Qν
= w¯
Qν
J ν
Q
(ων), w
n
Qν
= w¯
Qν
[p
Q
+ J ν
Q
(ων)]. (4.6)
Here p
Q
is the numerical parameter, depending on the
relaxation mechanism (specified by Q = H,A), w¯
Qν
is
the characteristic rate (see below), and
J ν
Q
(ω) = τ−1
Qν
∫ ∞
0
dtΦν
Q
(t) cos(ωt) (4.7)
with
τ
Qν
=
∫ ∞
0
dtΦν
Q
(t) (4.8)
is the normalized Fourier transformed correlation func-
tion satisfying the relation Jν(0) = 1.
The form of functions J ν
Q
(ω) depends on the mecha-
nism of fluctuations. In the considered model of polaron-
hopping induced fluctuations these functions are essen-
tially determined by hopping kinetics and specific fea-
tures of the orientational distribution of molecules re-
sponsible for the HFI and AZI. In our work we will need
only the most general properties of J ν
Q
(ω). They can
be understood in a simple model of random Hamiltoni-
ans H
Hν
(rν) and HAν(rν) uncorrelated at different sites
(with zero mean values), in which Φν
Q
(t) ∼ Φν(t) =〈
exp
(−w
EiEj
|t|)〉
EiEj
and
J ν
H
(ω) =
〈
w
EiEj
(
w2
EiEj
+ω2
)−1〉
EiEj
/
〈
w−1
EiEj
〉
EiEj
. (4.9)
A. Relaxation mechanisms
1. HFI and HFI induced relaxation
The HFI H
Hν
is determined by the spin-spin interac-
tion of the electron and paramagnetic nuclei νj (with spin
Iνj ), localized in close surrounding of electronic spins Se
and Sh of e- and h-polarons. In the realistic case of a
large number of nuclei the interaction can quite accu-
rately be approximated by that of spins Se and Sh with
(classical) random magnetic fields Be and Bh, respec-
tively, whose distributions are isotropic and Gaussian
with mean squares 〈B2ν〉 ∼
∑
j Iνj (1+ Iνj )a
2
νj , (ν = e, h),
determined by hyperfine coupling constants aνj .
32
Hopping of e- and h-polarons results in sudden chang-
ing of nuclear magnetic field, which can be considered
as a stochastic vector Bν(t), (ν = e, h), with 〈Bν〉 = 0
and the correlation function of projections Bνq (t), (q =
x, y, z): 〈Bνq (t)Bνq′ (0)〉 = 13δqq′ 〈B2ν〉ΦνH (t).
The HFI mechanism predicts the relaxation superop-
erator WˆHν of the form (4.3) with the rates w
p
Hν
and wn
Hν
given by eq. (4.6), in which
p
Q
= 1 and w¯
Hν
= 13 (gνβ)
2〈B2ν〉τHν , (4.10)
with the correlation time τ
Hν
defined in eq. (4.8).
2. AZI and AZI induced relaxation
The AZI HA results from the deviation of gν-factors
of e- and h-polaron spins from the free electron value
g0 = 2.
30,31 In general, g-factors are actually gˆν-tensors
31
whose eigenvectors are determined by the geometry
of molecules, at which e- and h-polarons are located.
The gˆν-tensors are conveniently represented as sums of
isotropic (g¯ν) and anisotropic (δgˆν) parts:
gˆν = g¯ν + gˆ
′
ν , where g¯ν = Tr(gˆν). (4.11)
The representation (4.11) implies that Tr(gˆ′ν) = 0. Usu-
ally, for systems under study eigenvalues of gˆν-tensors
are close to g0 = 2: δg¯ν = g¯ν − g0 ∼ ‖gˆ′ν‖ . 10−2.
The AZI part of the interaction of the electron spin ν
(ν = e, h) can be defined as
HAν = βSν gˆνB− H¯Zν = βSν gˆ′νB. (4.12)
In the AZI induced relaxation mechanism the rate su-
peroperator WˆAν is written as (4.3) with rates w
p
Aν
and
wn
Aν
(4.6), in which31
p
Q
= 43 and w¯Aν =
1
10 (gˆ
′
ν: gˆ
′
ν)(βB)
2τ
Aν
, (4.13)
with τ
Aν
given by eq. (4.8).
4B. Hamiltonian and relaxation in polaron pairs
The PP spin Hamiltonian is, in general, a complicated
function of coordinates rh and re, determined by the elec-
tron spin dependent PP interactions: spin exchange and
dipole-dipole interactions. Fortunately, the their effect
on majority of MFEs is weak and can be neglected.19 In
such a case the PP spin Hamiltonian can be represented
as a sum of spin Hamiltonians of e- and h-polarons:
H = H¯
Ze
+ H¯
Zh
= g¯βBSz +
1
2∆g¯βB(Sez− Shz), (4.14)
where Sz = Sez+ Shz ,
g¯ = 12 (g¯e + g¯h) and ∆g¯ = g¯e − g¯h. (4.15)
Within similar assumptions, the PP spin relaxation
can be described by the superoperator, which is also a
sum of corresponding operators for separate polarons:
Wˆ = Wˆe + Wˆh =
∑
ν=e,h
(Wˆ
Hν
+ Wˆ
Aν
). (4.16)
The PP spin evolution is described in the four-state
Hilbert space. In principle, one can use any basis in this
space, for example the basis of states |eµ〉|hµ′〉, (µ, µ′ =
±), of the pair of non-interacting polarons. However, in
what follows it will be more convenient to use the basis
of eigenstates of the z-projection, Sz, of the vector S:
|S〉, |Tµ〉, (µ = 0,±), which correspond to the total; spin
S = 0 (S) and S = 1 (T ):
|S〉 = 1√
2
(|e+〉|h−〉 − |e−〉|h+〉), (4.17)
|T0〉 = 1√2 (|e+〉|h−〉+ |e−〉|h+〉), (4.18)
|T±〉 = |e±〉|h±〉. (4.19)
In addition to the states in the Hilbert space it is worth
introducing the states in the Liouville space
|XY 〉 = |X〉〈Y |, (X,Y = S, Tµ). (4.20)
V. STOCHASTIC LIOUVILLE EQUATION
The specific features of PP recombination processes
(both geminate and bulk) can, in general, be expressed
in terms the PP density matrix ρ(r, t). In the case of
Markovian e−h relative motion ρ(r, t) is known to satisfy
the SLE,24,25 which within the diffusion approximation
is written as
ρ˙ = −[Λˆ + Kˆ(r) + Lˆ]ρ, where Λˆ = iHˆ + Wˆ , (5.1)
Hˆ = [H, . . . ] is the superoperator representation of the
PP spin Hamiltonian H [see eq. (4.14)] in the Liouville
space, and Wˆ is the superoperator of PP spin relaxation,
defined in eq. (4.16).
 
r 
u(r) 
d lc rb 
ub 
FIG. 1: Schematic picture of the PP interaction potential
u(r) = U(r)/(kBT ), in which d is the distance of closest ap-
proach, rb is the coordinate of the well bottom, ub = −u(rb)
is the well depth, and lc is the Onsager radius.
The relative diffusive motion of e- and h-polarons is
described by the Smoluchowski operator Lˆ, defined by
the expression
Lˆρ = −D∇r(∇rρ+ ρ∇ru), (5.2)
in which r = rh − re the relative PPq coordinate,
D = Dh + De is the relative diffusion coefficient [see
eq. (2.1)], and u(r) = U(r)/(kBT ) is the dimensionless
PP interaction potential assumed to depend only on the
distance r = |r|.
In our analysis we will consider the spherically sym-
metric problem, thus reducing it to studying the evolu-
tion along the radial coordinate r = |r| = |rh − re| only.
The potential u(r) is assumed to be of the shape of
potential well (see Fig. 1). This potential is character-
ized by the barrier, of height ur = u(d) − u(rb) > 1,
at the distance d of closest approach of polarons (which
models the suggested smallness of the reaction rate), the
coordinate rb of the bottom (rb > d), the well depth
ub = −u(rb) > 1, as well as the Onsager radius
lc =
∫ ∞
rb
dr r−2eu(r). (5.3)
The term Kˆ(r)ρ describes spin selective recombination
assumed to occur only in S-state of the PP:19,24
Kˆ(r)|ρ〉 = 12κ(r)(PSρ+ ρPS) ≡ κ(r)PˆS |ρ〉, (5.4)
where κ(r) is the distance dependent recombination rate.
In eq. (5.4) PS = |S〉〈S| is the operator of projection on
the S-state and
Pˆ
S
= PˆSS +
1
2
∑
µ=0,±(PˆSTµ + PˆTµS) (5.5)
is the superoperator, controlling the spin dependence of
reactivity (and accompanying dephasing), in which
PˆXY = |XY 〉〈XY |, (X,Y = S, Tµ), (5.6)
are superoperators of projection onto the states (4.20)
in the Liouville space. The dependence κ(r) is typically
5short range and does not affect MFEs very much, so that,
for simplicity, one can apply the contact reactivity model
κ(r) = κ
S
δ(r − d), i.e. Kˆ(r) = Kˆ
S
δ(r − d) (5.7)
with Kˆ
S
= κ
S
Pˆ
S
.
The polarons are assumed to reflect at the distance
of closest approach d. The process is described by the
reflective inner boundary condition (∇rρ+ρ∇ru)r=d = 0.
In the model of contact reactivity (5.7), however, one can
formally reduce the effect of reactivity to the modification
of the inner boundary condition:[∇rρ+ ρ∇ru− (KˆS/D)ρ)]r=d = 0. (5.8)
As for the outer boundary condition it is different for
geminate and bulk processes (see below).
VI. GEMINATE PP RECOMBINATION
The kinetics of geminate PP recombination will be
analyzed assuming that PPs are created with isotropic
distribution, localized at a distance r = ri, and in the
spin state, determined by the density matrix ρi(r). This
means that the SLE (5.1) should be solved with the ini-
tial condition
ρi(r) = ρ(r, t = 0) = (4πr
2
i )
−1ρgδ(r − ri). (6.1)
The outer boundary condition at r →∞, is written as
ρ(r →∞, t)→ 0.
Spherically symmetry of PP interactions, as well as
spherical symmetry of initial and boundary conditions
ensures that the spin density matrix is also spherically
symmetric: ρ(r, t) ≡ ρ(r, t). In this case the PP recom-
bination yield Yr, can be expressed by formula
Yr =
∫ ∞
0
dt
∫
d3rTr[Kˆ(r)ρ(r, t)]
= 4πκsd
2〈S|ρ˜0(d)|S〉 ≡ 4πκsd2〈SS|ρ˜0(d)〉, (6.2)
where the matrix ρ˜0(r) is the Laplace transform ρ˜ǫ(r) =∫∞
0 dt e
−ǫtρ(r, t), evaluated at ǫ = 0: ρ˜0(r) = ρ˜ǫ=0(r).
The matrix ρ˜0(r) satisfies the steady state variant of
the SLE (5.1
(Λˆ + Lˆr)ρ˜0 = ρi(r), where Λˆ = iHˆ + Wˆ , (6.3)
and Lr is the radial part of the operator Lˆ defined by
Lrρ = Dr
−2∇r[r2(∇rρ+ ρ∇ru)]. (6.4)
Noteworthy is that in the SLE (6.3) we have omitted
the reactivity operator Kˆ(r) (5.7), expressing its effect
by the properly chosen inner boundary condition (5.8).
For the initial condition (6.1) the solution of this equa-
tion is easily expressed in terms of the Green’s function
of the equation (6.3)
Gˆ0 = (Λˆ + Lˆr)
−1 : (6.5)
Yr = κs(d/ri)
2〈SS|Gˆ0(d, ri)|ρg〉. (6.6)
In general, Gˆ0(r, ri) can hardly be obtained analyti-
cally. However, fairly simple analytical expressions for
Gˆ0(r, ri) (and thus for Yr) can be found in some impor-
tant particular cases.
A. Freely diffusing polarons.
1. General formulas
In the absence of PP interaction potential [u(r) = 0]
the solution of eq. (6.5) can be obtained in a matrix
form.25,33 For simplicity we will assume that PPs are
created at a distance of closest approach, i.e. ri = d.
The analytical expression can conveniently be obtained
with the use of the representation
Gˆ0 = D
−1(ri/r)gˆ0 (6.7)
In this relation
gˆ0 = (kˆ
2
0 −∇2r)−1, with kˆ0 =
(
Λˆ/D
)1/2
, (6.8)
is the one dimensional Green’s function, which satisfies
the inner boundary condition similar to (5.8):
(∇r − qˆs)gˆ0|r=d = 0 with qˆs = d−1 + (KˆS/D). (6.9)
The function gˆ0 is given by formula
25,33
gˆ0(r, r
′) =
[
e−kˆ0(r−d)λˆ+ e−kˆ0|r−r
′|](2kˆ0)−1, (6.10)
where
λˆ = (θˆ + 1)−1(θˆ − 1)e−kˆ0(r′−d) and θˆ = qˆ−1s kˆ0. (6.11)
Substitution of this formula into eqs. (6.8) and (6.2)
results in the expression for the recombination yield:
Y = Yf = Tr[PS( Pˆfρg)] ≡ 〈SS| Pˆf |ρg〉, (6.12)
in which
Pˆf = Pˆrf (1 + dkˆ0Pˆef )−1, (6.13)
is the spin dependent supermatrix of reaction/relaxation
probabilities. In eq. (6.13)
Pˆr
f
= lˆ/d and Pˆe
f
= 1− lˆ/d, (6.14)
are the supermatrices of probabilities of reaction and
escaping (respectively) of PPs, created at ri = d, in
the absence of PP spin evolution. The probabilities
are essentially determined by the supermatrix lˆ of re-
action/relaxation radii, corresponding to the rate super-
matrix Kˆ(r) [given by eq. (5.7)]:
lˆ = d− qˆ−1s = dγˆf/(1+γˆf) with γˆf = dKˆS/D. (6.15)
Formulas (6.12)-(6.15) for the yield of recombination of
freely diffusing polarons are seen to reduce the problem
of evaluation of MFEs to simple matrix operations.
62. Fast P-diffusion limit
The limit of fast relative diffusion (or slow spin evolu-
tion), when d‖kˆ0‖ ≪ 1,25,33 is of special interest for our
further analysis. In this limit Pˆf can be found in the
approximation linear in dkˆ0: Pˆf ≈ Pˆrf (1− dkˆ0Pˆef ), i.e.
Yf ≈ (lSS/d)pS − lSS〈SS|kˆ0Pˆef |ρg〉, (6.16)
where lSS is the reaction radius in S-state and pS =
〈SS|ρg〉 is the initial population of this state.
For the model (4.14), (4.16) the yield Yf can be ob-
tained for any initial state |ρg〉 and, in particular, for
|ρg〉 = pS |ρS 〉+ pT |ρT 〉, (6.17)
in which p
S
and p
T
are the probabilities of population of
S and T states, respectively (p
S
+ p
T
= 1),
|ρ
S
〉 = |SS〉 and |ρ
T
〉 = 13
∑
µ
|TµTµ〉 (6.18)
Calculation of Yf reduces to evaluating the superma-
trix kˆ0 =
(
2
√
πD
)−1 ∫∞
0 dt t
−3/2(1−e−iΛˆt). Substituting
thus obtained kˆ0 into eq. (6.16), one gets
Yf ≈ PSr
f
[
p
S
+ 112 (dkw )
(
p
T
PTe
f
− 3p
S
PSe
f
)]
, (6.19)
where PTef = 1− lTT /d = 1, PSrf = 1−PSef = lSS/d, and
k
w
=
[√
wp + 2Re
(√
wn + i∆ω
)]
/
√
D. (6.20)
In this formula
∆ω = (g¯e − g¯h)βB = δg¯βB. (6.21)
is the difference of Zeeman polaron frequencies and
wp = 2(w
p
H
+ wp
A
) and wn = w
n
H
+ wn
A
, (6.22)
are the total rates of population (wp) and phase (wn) re-
laxation in the PP, which are the sums of contributions of
the HFI and AZI induced relaxation rates. These contri-
butions are, in turn, the sums of corresponding relaxation
rates in e- and h-polarons:
wq
H
= wq
He
+ wq
Hh
; wq
S
= wq
Ae
+ wq
Ah
, (q = p, n). (6.23)
The total rates wp and wn are represented as sums of
HFI and AZI induced relaxation rates to clearly reveal
two contributions with different B-dependence: decreas-
ing [wq
Hν
(B)] and increasing [wq
Aν
(B)] as B increases.
B. PP recombination in the presence of interaction
The PP interaction potential u(r) can essentially af-
fect the MFEs on PP recombination. For pure repulsive
interaction [u(r) > 0] no significant effect is expected
except some change of reaction and relaxation radii, i.e.
the elements of the supermatrix lˆ introduced in eq. (6.15)
for freely diffusing polarons. Much stronger effect is pre-
dicted in the case of attractive interaction, especially for
potentials of the shape of potential well (Fig. 1).34 In
what follows we will discuss the MFEs in the special case
of deep potential well with ub ≫ 1.
The analysis can be made with the use of the recently
proposed method of rigorous analytical analysis of the
kinetics of diffusion in the presence of the well.26 One of
important results of this analysis consists in the fact that
in the limit of deep well (corresponding criterion is given
below) the exact SLE (5.1) is equivalent to the model of
two kinetically coupled states: the state within the well
(the diffusive cage state), at d < r < lc, and the state
of free diffusion outside the well, i.e. at r > lc.
26,27 The
spin/space evolution in these two states are described by
density matrices
n(t) = 4π
∫ lc
d
dr r2ρ(r, t) and σ(r, t) = rρ(r, t), (6.24)
respectively, satisfying equations26,27
n˙ = [S−1l K+σ(lc, t)− (K− + Wˆr)n], (6.25)
σ˙ = [D∇2rσ + (SlK−n−K+σ)δ(r − lc)], (6.26)
in which Sl = (4πlc)
−1. The terms proportional to
K± represent the kinetic coupling (transitions) between
the two states, with transition rates K± satisfying the
relations:27 K± → ∞ and K+/K− = Ke = Zw,
where
Zw =
∫
d<r<lc
dr r2e−u(r) (6.27)
is the partition function for the well.
Equations (6.25) and (6.25) will be solved assuming
that the PP is initially created within the well, i.e.
n(0) = ρg and σ(r, 0) = 0. (6.28)
As to the boundary conditions for c(r, t), they are given
by lc∇rσ(r, t)− σ(r, t)|r=lc = 0 and σ(r →∞) = 0.
The term Wˆrn˜ in eq. (6.25) describes the first order
reaction in the well with the supermatrix of rates
Wˆr =
( D
κrZw
) γˆc
1 + γˆc
with κr =
∫ rb
d
dr
r2
eu(r) (6.29)
and γˆc = (dKˆS/D)(dκre
−u(d)).
Solution of eqs. (6.25) and (6.26) by the Laplace trans-
formation in time leads to formula for the recombination
yield34 similar to eq. (6.12):
Yc = Tr[PS( Pˆcρg)] ≡ 〈SS| Pˆc|ρg〉, (6.30)
but with the supermatrix Pˆf replaced by
Pˆc = Wˆr
[
Wˆc + Λˆ +We(lckˆ0)
]−1
, (6.31)
= Pˆrc [1 + (Λˆ/We + lckˆ0)Pˆec ]−1, (6.32)
7in which Λˆ = iHˆ + Wˆ , kˆ0 = (Λˆ/D)
1/2, and
Wˆc = Wˆr +We, with We = Dlc/Zw, (6.33)
is the supermatrix of total cage decay rates, represented
as a sum of the rate Wˆr of reaction in the well (cage) and
the rate We of escaping from the well.
26,27 These rates
determine the probabilities of reaction in the well (Pˆrc)
and escape from the well (Pˆec):
Pˆrc = Wˆr/Wˆc and Pˆec = We/Wˆc. (6.34)
The detailed analysis shows26 that expressions (6.31)
and (6.32) are valid in the limit of not very fast PP spin
evolution, or not very large size of the well δc = lc − d,
when δc‖kˆ0‖ ≪ 1 (this inequality does not, in principle,
mean that lc‖kˆ0‖ ≪ 1).
According to obtained formulas, the effect of the well
manifests itself in the formation of the diffusive cage,
whose evolution is described as the first order reaction
(with the rate Wˆr) and escaping (with the rate We).
This simple first order kinetics is, however, perturbed
by the contribution of particles escaped but recaptured
back into the well, resulting in the term ∼ (lckˆ0) in eqs.
(6.31) and (6.32), which gives negligibly small contribu-
tion to MFEs for deep wells (when We is so small that
‖Λˆ‖/We > lc‖kˆ0‖), but strongly affects MFEs in the
opposite limit of large escaping rate We. Moreover in
the limit of fast cage decay (or slow PP spin evolution),
‖Λˆ‖/We ≪ lc‖kˆ0‖, the obtained formula reduces to that
(6.13) for free diffusion.26
VII. BULK PP RECOMBINATION
The MFEs in bulk recombination are also described by
the SLE (5.1) but with the boundary condition at r →∞
ρ(r →∞, t) = ρ
E
= 14
∑
µ=S,T0,±
|µ〉〈µ|, (7.1)
corresponding to the homogeneous spatial distribution of
and the equilibrium spin states of polarons [represented
by the unity matrix E
H
=
∑
µ=S,T0,±
|µ〉〈µ|].
In the case of bulk recombination the observable under
study is B-dependent recombination rate K(t). For sim-
plicity we will discuss the static value K = K(t → ∞)
which can be represented in the form very similar to that
of the expression (6.2) for the recombination yield:
K =
∫
d3rTr[Kˆ(r)ρ(r, t→∞)]
= 4πκsd
2〈S|ρ˜0(d)|S〉 ≡ 4πκsd2〈SS|ρ˜0(d)〉, (7.2)
This formula is written, taking into account that the
equation for the static solution ρst(r) coincides with the
Laplace transform ρ˜ǫ=0(r) ≡ ρ˜0(r) [however, with the
outer boundary condition (7.1)]: ρst(r) = ρ˜0(r).
A. Freely diffusing polarons.
The stationary solution ρ˜0(r) of the SLE (5.1) satisfy-
ing eq. (6.3) with ρi = 0 can be found by solving more
simple equation for σ˜0(r) = r
−1ρ˜0(r)
(kˆ20 −∇2r)σ˜0 = 0 with kˆ0 =
(
Λˆ/D
)1/2
. (7.3)
The function σ˜0(r) satisfies the inner boundary condition
(∇r − qˆs)σ˜0|r=d = 0, similar to (6.9), and the outer one,
which, according to eq. (7.1), is written as
σ˜0(r →∞) = rρE . (7.4)
By direct substitution into eq. (7.3) one can show that
the solution of this equation is given by
σ˜0(r) =
[− e−kˆ(r−d)(1 + θˆ)−1 lˆ + r]ρ
E
. (7.5)
where θˆ is defined in eq. (6.11). With the use of this
solution the recombination rate is represented as
K = Kf = K
0
fYf
E
, where Yf
E
= 〈SS| Pˆf |ρE 〉, (7.6)
In this formula Yf
E
is the geminate recombination yield
for the equilibrium initial ρg = ρE , Pˆf is the superop-
erator of reaction/relaxation probabilities defined in eq.
(6.13), and K0f = 4πDd is the rate of PP contacts.
Note that the dimensionless rateKf/K
0
f can be related
to the yield Yf
T
of the geminate PP recombination for
(triplet) initial density matrix ρg = ρT :
Kf/K
0
f = Yf
E
= 14PSrf
(
1 + 3Yf
T
)
, (7.7)
where PSrf = lSS/d is the PP recombination probability
in S state. Equation (7.7) is obtained using the relation
Pˆf = Pˆrf (1 + dkˆ0Pˆef )−1 = Pˆrf − Pˆf (dkˆ0Pˆef ).
B. Interacting polarons
In the considered case of attractive interaction the ex-
pression for the PP recombination rate Kc can be ob-
tained within the two state model (Sec. VI.B). For bulk
reactions the spin density matrix, represented in terms
of spin density matrices of the state within the well n0
and the free diffusion state σ0(r), satisfy the steady state
variant of eqs. (6.25) and (6.26), i.e. equations with
n˙0 = σ˙0 = 0, but with the outer boundary condition:
σ0(r →∞) = rρE .
Solution of these steady state equations leads to the
following expression for the PP recombination rate
K = Kc = K
0
cYcE with YcE = 〈SS| Pˆc|ρE 〉, (7.8)
in which Yc
E
is PP recombination yield for the equilib-
rium (spin) initial state, Pˆc is given by eq. (6.31), and
K0c = 4πDlc is the rate of capture into the well (cage).
8The relation between the dimensionless rate Kc/K
0
c
and the recombination yield Yc
T
[for the triplet (T ) initial
condition], similar to eq. (7.7), can also be derived in the
case of attractive interaction:
Kc/K
0
c = Yc
E
= 14PSrc
(
1 + 3Yc
T
)
, (7.9)
where PSrc = 〈SS|(Wˆr/Wˆc)|SS〉 is the probability of in-
cage reaction in S state. The derivation is based on equa-
tion Pˆc = Pˆrc − Pˆc[Λˆ/We+(lckˆ0)]Pˆec , with Pˆrc and Pˆec
defined in eq. (6.34).
VIII. RESULTS AND DISCUSSION
A. General remarks
1. Validity of approaches
Before the analysis of the MFEs it is worth adding
some comments on validity and accuracy of the proposed
mechanisms of spin relaxation. In the applied model the
relaxation, assumed to be induced by fluctuating HFI and
AZI, is described by simple Bloch-type equations, which
are valid at times longer than the correlation times τh
and τa of HFI and AZI fluctuations. This means that the
relaxation mechanisms are applicable only if the time of
MFE formation τ
S
≫ τh, τa.
In the free diffusion model the MFE-formation time
τ
S
is completely determined by the time of spin evolu-
tion in polarons: τ
S
∼ ‖Λˆ‖−1 ∼ w−1n , w−1p , (∆ω)−1.25
Taking into account that the relaxation rates (w
H
and
w
A
) and coherent evolution frequencies (∼ ∆ω)] are typ-
ically of order of (or less than) 108 s−1,19 one obtains:
τ
S
& 10−8 s.
Similar estimation for τ
S
is valid in the diffusive cage
model. The additional time parameter, which could
change it, is the characteristic inverse rate of the cage
decay τc = ‖Wˆc‖−1. However, this time is also fairly
long: τc & w
−1
0 e
ua , where w0 is the characteristic hop-
ping rate and ua is the activation energy for escaping
and/or reaction processes. The assumption of deep well
(ua ≫ 1) leads to the estimation τc ≫ w−10 .
As for correlation times they are expected to be of or-
der of inverse hopping rates: τh ∼ τa ∼ w−10 , since HFI
and AZI fluctuations result from stochastic polaron hop-
ping. Typically the rate w0 ∼ 109 − 1011 s−1, which cor-
responds to room-temperature mobilities µe,h ∼ 10−8 −
10−5 cm2/(V s),17 therefore we get τh,a ∼ 10−9− 10−11s.
Comparison of these estimations shows that the above-
mentioned validity criterion, τ
S
, τc ≫ τh, τa, is fulfilled
for a large number of semiconducting systems considered.
Concluding the discussion note that the validity of the
diffusion approximation implies negligibly small contri-
bution (to the MFEs) of small times t ∼ τ0 = w−10 , at
which the diffusive motion is not yet formed. In the con-
sidered f - and c-models, according to the above relations,
their MFE contributions δYµ = Yµ(B) − Yµ(0), (µ =
f, c), can be written as δYf ∼ (w0τS )−1/2 and δYc ∼
τc/τS ∼ eua/(w0τS ). As to the contribution δYsm of
small times t ∼ τ0, it is, evidently, represented by
δYst ∼ (w0τS )−1, i.e. in the considered limit w0τS ≪ 1
the contribution δYst is really small: δYst ≪ δYf , δYc and
the diffusion approximation is applicable.
2. Parameters and observables
In the proposed models B-dependence of the recombi-
nation yield Y (B) is determined by a very large number
of parameters of the model. To reduce this number in
our illustrative discussion of most important properties
of Y (B), we consider the particular (but representative)
variant of the model, in which population and phase re-
laxation rates (wp and wn, respectively) are the same in
e- and h-polarons:
wp
Qe
= wp
Qh
= 12w
p
Q
; wn
Qe
= wn
Qh
= 12w
n
Q
, (8.1)
with Q = H,A; and
wp
Q
= w¯
Q
J
Q
(ω); wn
Q
= p
Q
w¯
Q
+ wp
Q
. (8.2)
In formulas (8.1) and (8.2) the parameter Q denotes the
contributions of HFI (Q = H) and AZI (Q = A) mech-
anisms, and the parameters p
Q
and w¯
Q
are defined in
eqs. (4.10) and (4.13). In these formulas we neglect the
difference of Zeeman frequencies in functions J
Q
(ων), i.e.
took ωe ≈ ωh = ω = g¯βB.
The MFEs on geminate and bulk PP recombination
are found to be closely related [see eqs. (7.6)-(7.9)], so
that it is sufficient to analyze, for example, the MFE
on bulk process, i.e. B-dependent (dimensionless) rate
Kµ(B)/K
0
µ = YµE (B). In what follows we will discuss
the function
yµ(B) = [YµE (B)− YµE (0)]/YµE (0), (µ = f, c). (8.3)
In our work we have obtained fairly simple matrix ex-
pressions for the MFE yµ(B) in two models of relative
polaron motion. For qualitative understanding of the
properties of these functions, however, it is of certain in-
terest to get simple approximate analytical expressions.
Below we will derived them in some limiting models.
B. Simple limiting models
1. Fast freely diffusing polarons.
In the case of freely diffusing polarons of special inter-
est is the limit of fast polaron diffusion or slow polaron
spin evolution, in which ‖kˆ0‖d≪ 1.
General consideration of the problem predicts for the
recombination yield the expression (6.19). In what fol-
lows we will mainly discuss the shape of the MFE Yf
E
,
which can be written as
Yf
E
≈ 14PSrf +
1
16 (PSrf )
2(dkw), (8.4)
9where kw = [
√
wp + 2Re(
√
wn + i∆ω)]/
√
D [see eq.
(6.20)], PSr
f
= lSS/d is recombination probability in S
state, wp and wn are population and phase relaxation
rates defined in eqs. (6.22) and (6.23), respectively, and
∆ω = (g¯e− g¯h)βB = (∆g¯)βB is the difference of Zeeman
frequencies [eq. (6.21)]. According to formulas (6.22)
and (6.23) the rates wp and wn are the sums of the cor-
responding rates for e and h polarons, which are, in turn,
the sums of contributions of HFI and AZI mechanisms:
wp = 2(w
p
H
+ wp
A
) and wn = w
n
H
+ wn
A
so that
wp(B) = 2[w¯HJH (B) + w¯A(B)JA(B)], (8.5)
wn(B) = w¯H +
4
3 w¯A(B) +
1
2wp(B). (8.6)
In these equations we have introduced the function w¯
A
(B)
to emphasize that (unlike w¯
H
) w¯
A
depends on B [see eq.
(4.14)]: w¯
A
(B) ∼ B2.
Noteworthy is that, although formula (8.4) is derived
in the fast diffusion limit dkw ≪ 1, it appears to be quite
accurate (within 15− 20%) even at dkw ∼ 1.
2. The limit of weak reactivity in the well.
Majority of specific features of MFEs in the presence of
the well (diffusive cage) can be analyzed with the limit
of weak reactivity, when ζc = ‖Wˆr‖/We ≪ 1. In this
limit the expression for the yield Yc
E
can be derived by
expansion of the general formulas (6.30), (6.31), and (7.9)
in small ζc. In the lowest order we get
Yc
E
≈ 14PSrc
+ 116 (PSrc)2
{
N(wp) + 2Re
[
N(wn + i∆ω)
]}
, (8.7)
where PSrc = 〈SS|Wˆr/Wˆc|SS〉 ≪ 1 is the probability of
reaction in the well and
N(ǫ) = 1− [1 + (ǫ/We) + ξ√ǫ/We ]−1 (8.8)
with ξ = le
√
We/D.
It is seen that in the limit of slow spin evolution, when
wp, |wn + i∆ω| ≪ ξ2We, we get N(ǫ) ∼
√
ǫ and formula
(8.7) reduces to eq. (8.4), derived in the free diffusion
model. Of great interest is also the opposite limit, in
which the evolution kinetics is described by simple first
order kinetic equations andN(ǫ) ∼ (ǫ/We)[1+(ǫ/We)]−1.
This kinetics shows itself in the typical analytical depen-
dence of MFEs on relaxation rates and the splitting ∆ω.
C. MFE for different relaxation mechanisms
In our analysis (to reduce the number of parameters)
we consider the limit of high reactivity at a contact,
κd
S
/D ≫ 1, in which reaction/relaxation supermatrices
lˆ and Wˆr are independent of κS :
lˆ ≈ d ˆ¯P
S
, Wˆr ≈ wr ˆ¯PS with ˆ¯PS = 2PˆS − PˆSS . (8.9)
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FIG. 2: Dependences yµ(bH) on bH = B/BH for the HFI
induced relaxation mechanism, calculated in free diffusion
(µ = f) and cage (µ = c) models: for Lorenzian (Figs
2a and 2b) and non-Lorenzian (Fig. 2c) shapes of J
H
(B).
Fig. 2a shows yf (bH) for different ηH = d
√
w¯
H
/D: η
H
=
0.1 (1); 0.3 (2); 1.0 (3); 3.0 (4). Fig. 2b shows yc(bH) for
rc = wr/Wc = 0.5 and different κH = Wc/w¯H : κH =
5.0 (1); 1.0 (2); 0.1 (3); 0.01 (4). Fig. 2c shows arbitrar-
ily scaled yµ(bH) for non-Lorenzian JH (B) (Sec. VIII.C.1)
with η
H
= 10−4 for µ = f (1) and r
H
= 1.0, κ
H
= 5.0
for µ = c (2). Circles represent the prediction of formula
yex(B) ∼ [B/(B0 + |B|)]
2 with B0 = 2.35BH , obtained by
fitting yµ(bH).
Here Pˆ
S
is defined in eq. (5.5) and wr = D/(κrZw).
We also discuss in detail the special case of Lorenzian
shape of functions J
Q
(B) = (1 + B2/B2
Q
)−1, for which
the relaxation rates are conveniently represented as
wp
H
= w¯
H
/(1 + b2
H
) and wp
A
= w¯∗
A
b2
A
/(1 + b2
A
), (8.10)
where b
Q
= B/B
Q
with B
Q
being the width of J
Q
(B).
1. HFI induced relaxation
Specific features of dependences yµ(B) for the HFI-
induced relaxation mechanism are demonstrated in Fig.
2 for the free diffusion (µ = f) and diffusive cage (µ = c)
models. In both models this mechanism leads to the de-
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creasing functions yµ(B). The decrease results, evidently,
from that of population relaxation rates as B increased.
As expected from analytical expressions (8.4) and (8.7)
these models predict similar dependence yµ(B). In a wide
region of values of the diffusion coefficient and reactivity
the change of these parameters is found to lead mainly
to the change of the MFE amplitude rather than to that
of the shape of yµ(B)-dependence.
The shape is mostly determined by the mechanism of
relaxation, or more accurately by the form of the cor-
relation function J
H
(B). For example, in the case of
Lorenzian J
H
(B) [see eq. (8.10)] the MFE shape is close
to Lorenzian with the width of order of that for J
H
(B).
In our short discussion we are not going to review all
properties of the shape of yµ(B). Majority of them can be
described with formulas (8.4) and (8.7). More thoroughly
we will only analyze the possibility of interpretation of
the non-Lorenzian MFE shape yex(B) ∼ [B/(B0+ |B|)]2,
observed in some experiments.7,15
Note that for the non-Lorenzian function J
H
(B) the
MFEs yµ(B) are non-Lorenzian as well. Just this prop-
erty of the HFI induced relaxation mechanism allows one
to describe the observed dependence yex(B). The re-
action yields yf (B) and yc(B), shown in in Fig.2c, are
obtained for J µ
H
(B), (µ = f, c), represented as sums
of Lorenzian contributions Loµn(bH ) = [1 + b
2
H
/(jµn)
2]−1,
in which jn are the numerical coefficients: JH (B) ∼∑6
n=1 a
µ
nLo
µ
n(bH ), (µ = f, c), where a
µ
i are the weights of
the Lorenzian contributions, taken the same both for the
free diffusion and diffusive cage models: afi = a
c
i = 1, (i =
1, . . . , 6). The values of jfi and j
c
i , conveniently repre-
sented as vectors jµ = (jµ1 , . . . , j
µ
n), are different in these
models: jf = (1, 2, 4, 4, 6, 10) and jc = (1, 3, 4, 5, 7.5, 20).
The chosen number of terms, n = 6, seems to be the
smallest of those, which are sufficient to get the yields
quite close to yex(B).
Thus calculated yf (B) and yc(B) agree with yex(B)
quite well in the wide region of B values.
The obtained wide spectrum of widths, required in
both models, is qualitatively consistent with the wide dis-
tribution of hopping rates (quite natural for disordered
semiconductors), which determines the behavior of cor-
relation functions, according to eq. (4.9).
2. AZI induced relaxation
Unlike the HFI induced relaxation the AZI induced
one results in the increasing dependences yµ(B) in both
models of PP migration. As for the characteristic fea-
tures of the shape of these dependences, they are not
very similar to those for HFI induced relaxation. Typi-
cal dependences yf (B) and yc(B) are displayed in Figs.
3a and 3b for Lorenzian shape of J
A
(B) [see eq. (8.10)].
It is seen from Figs. 3a and 3b that for AZI mechanism
the widths of yf(B) and yc(B) are larger than those for
HFI mechanism and, in general, are independent of the
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FIG. 3: The dependences yµ(bA) on bA = B/BA for the AZI
induced relaxation mechanism and for the Lorenzian shape of
J
A
(B), calculated in free diffusion (µ = f) and cage (µ = c)
models (Figs. 3a and 3b), and yc(bAH) for the HFI+AZI
relaxation mechanism [assuming J
H
(B) = J
A
(B) and bA =
bH ] (Fig. 3c). Fig. 3a displays yf (bA) for different ηA =
d
√
w¯∗
A
/D: η
A
= 0.02 (1); 0.2 (2); 2.0 (3); 10.0 (4). Fig. 3b
displays yc(bH) for rc = wr/Wc = 0.5 and different κA =
Wc/w¯
∗
A
: κ
A
= 0.05 (1); 0.5 (2); 5 (3); 50 (4). Fig. 3c displays
yc(bA) for rc = 1, κH = Wc/w¯H = 1, and different κA =
Wc/w¯
∗
A
: κ
A
= 1 (1); 2.25 (2); 4 (3); 102 (4); 104 (5).
width B
A
of J
A
(B). The reason of this independence
consists in that, unlike the HFI induced relaxation, the
AZI induced one results in dephasing, whose rate rapidly
increases with B: wn
A
∼ w¯
A
∼ B2 [see eq. (8.2)]. In
such a case the width of yµ(B) is mainly determined by
the kinetic saturation of the MFEs observed for large
dephasing rates wn
Ae,h
[Sec. IV.A2 and eq. (8.1)]. In the
free diffusion model the saturation occurs at |kw|d > 1,
i.e. outside the region of validity of the fast diffusion limit
(8.4) (Sec. VI.A2). As to the cage model, the saturation
in this model is observed for ‖Λˆ‖/‖Wˆc‖ > 1. Within
the weak reactivity limit (8.7) this condition reduces to
simple inequality wn/We > 1.
Most clearly the peculiarities of MFEs, resulting from
AZI induced relaxation, manifest themselves in the lim-
its of fast free diffusion and fast escaping from the cage
(wp,n/We ≪ 1). In these limits obtained formulas pre-
dict [see eqs. (8.4) and (8.7)] monotonically increasing
behavior: yf (B) ∼ |B| and yc(B) ∼ B2 in the region of
B wider than that (B . B
A
) expected from eq. (8.10).
It is worth noting that the dependences close to
y(B) ∼ |B| has been recently observed in a number of
experiments.13,15,21 The proposed analysis allow for quite
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reasonable interpretation of this, at first sight, strange
behavior.
3. Superposition of HFI and AZI induced relaxation
In the case of comparable contribution of HFI and
AZI induced relaxation the free diffusion and diffusive
cage models predict a large variety of MFE dependences
yµ(B), (µ = f, c). In our brief analysis it is hardly possi-
ble to describe all types yµ(B) behavior. In general, the
superposition of HFI and AZI (HFI+AZI) induced re-
laxation mechanisms results in non-monotonic functions
yµ(B). Some representative examples of them, as applied
to yc(B), are displayed in Fig. 3c. Analysis shows that
the resulting shape of yµ(B) dependence is essentially de-
termined by the relative widths and relative weights (i.e.
κ−1
H
= w¯
H
/Wc and κ
−1
A
= w¯∗
A
/Wc) of both mechanisms.
Naturally, as the weight of the AZI contribution in-
creases yµ(B) behavior changes from decreasing to in-
creasing. Note that the change of the sign of the de-
pendence yµ(B) has recently observed in a number of
experiments. The proposed theory can, in principle, be
useful in interpretation of some of these observations.
In addition to this short discussion few comments are
worth-wile, nevertheless, on the peculiar non-monotonic
behavior of y(B) functions at small B, sometime with the
small maximum at B = 0, which is found for some sets
of parameters of models (see the curve 2 in Fig. 3c). The
fact is that such a behavior has recently been observed
in some semiconductor devices.16 In principle, the au-
thors of this work assume that these non-monotonic de-
pendences result from the exchange interaction between
polarons at short distances. Our results show that some
other mechanisms, for example the superposition of HFI
and AZI induced relaxation, can lead to a similar y(B)
behavior.
4. ∆g-mechanism
The conventional ∆g-mechanism implies the MFE gen-
eration caused by quantum transitions between S and T
states of the PP (4.17)- (4.19), which result from the
spitting ∆ω = (∆g)βB of Zeeman frequencies (see Sec.
IV.B).19 The difference of g-factors of e- and h-polarons
results from the spin-orbital coupling of electron spins
of polarons in semiconductors,31 i.e. the ∆g-mechanism
can be considered as one of manifestations of the this
coupling in MFEs.
In our analysis of ∆g-mechanism we neglect the effect
of other (relaxation) mechanisms discussed above.
The manifestation of ∆g-mechanism in many types of
MFEs is analyzed in detail in a large number of works
as applied to different chemical and physical processes.19
The contribution of ∆g-mechanism to the PP recombina-
tion yield yµ(B) is also discussed in literature. Just this
mechanism is believed to be responsible for yµ(B) ∼
√
B
behavior found in some semiconductors at large fields
B.13,15 Moreover, in a number of works this behavior is
used as a definition of the ∆g-mechanism. Such a defini-
tion is somewhat misleading.
The fact is that ∆g-mechanism, originally describing
the effect of the term of the Hamiltonian H (4.14) pro-
portional to ∆g¯, predicts different yµ(B) dependences,
depending on the kinetics of relative motion of polarons:
a. Free diffusion model. In the case of free diffu-
sion the dependence yf (B) can approximately be rep-
resented as26,35 yf (B) ∼
√
∆ω(1 + ξf
√
∆ω)−1, where
∆ω = (∆g)βB and ξf ∼ d/
√
D. This formula shows for
d
√
∆ω/D ≪ 1 we get the dependence yf(B) ∼
√
∆ω ∼√
B (in some works considered as the manifestation ∆g-
mechanism), whereas in the opposite limit d
√
∆ω/D > 1
the dependence yf (B) saturates, i.e yf (B) ∼ const.
b. Diffusive cage model. In the diffusive cage model
we consider the case of deep well, when the effect of recap-
ture of escaping particles is small. In the deep well limit
the term ∼ kˆ0 ∼
√
Λˆ in Pˆc [eq. (6.31)] can be neglected
so that yc(B) dependence (which becomes analytical)
can approximated by34,36 yc(B) ∼ (∆ω)2/[1 + ξc(∆ω)2],
where ξc ∼ ‖Wˆc‖−2 [in the weak reactivity limit ξc ∼
W−2e , as it is seen from eq. (8.8)]. This means that in the
cage model ∆g-mechanism predicts rapidly increasing be-
havior of yc(B) at small B < ‖Wˆc‖/(g¯β): yc(B) ∼ B2,
saturating at large B > ‖Wˆc‖/(g¯β): yc(B) ∼ const.
The simultaneous contributions of ∆g-mechanism as
well as HFI- and ASI-induced relaxation mechanisms can
result in the additional specific features of the MFE shape
yµ(B). We are not going to discuss them in this work,
but only mention that typically ∆g-mechanism strongly
contributes at large B, at which contributions of both
other mechanisms are nearly independent of B. In this
case the change of MFE shape caused by ∆g-mechanism
can easily be identified and described if needed.
IX. CONCLUDING REMARKS
In this work PP recombination mechanisms of MFEs
in disordered semiconductors are analyzed in detail. The
magnetic field dependent PP recombination yield is dis-
cussed as the most well known example of the MFE ob-
servable. The hopping migration of polarons is assumed
to result not only in the spatial evolution of polarons,
but also in fluctuations of the HFI and AZI of polarons,
thus leading to HFI and AZI induced spin relaxation. In
our work we have considered the manifestation of these
two mechanism of MFEs as well as ∆g-mechanism.
Simple analytical formulas are derived for the recom-
bination yield Y (B) in two models of polaron migration:
the free diffusion model and the model of diffusion in
the well, or diffusive cage model. Analysis demonstrates
that specific features of polaron migration shows itself in
the shape of Y (B). Most important typical properties of
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Y (B)-dependence for all three MFE mechanisms and in
both models of migration are discussed in detail.
Concluding this discussion we would like to point out
two important points:
1) Above-obtained results show that the width Br of
the relaxation induced MFE (PP recombination yield)
yµ(B) is determined by the hopping rate: Br ∼ w0/(gβ),
i.e. is much larger than typical HFI: Br ≫
√
〈B2ν〉.
2) The proposed theory is applied to analysis of the
magnetic field dependent yield of recombination of e−h
PPs, i.e. polarons with charges of opposite sign. It is
clear, however, that obtained results are quite applicable
to description of recombination of e−e PPs or h−h PPs
as well. Just this kind of processes is recently considered
as a mechanism of MFEs in organic semiconductors.37
3) This work concerns the analysis of recombination
of polarons, i.e. particles with the electron spin 1/2.
The obtained matrix formulas are, however, quite gen-
eral and can be applied to describing similar processes
with participation of particles with higher spins, for ex-
ample, triplet exciton-polaron quenching,18,19,21 triplet-
triplet annihilation,18,19 etc. The analysis of these pro-
cesses is a subject of future works.
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